Math 213 EXAM | - SOLUTION September 23, 2026

1. (16pts) Consider vectors ﬁ:<2,—1, 2> , |7=<1, 3, —1> and f=<1, o, 0> . Calculate the following:

a) (5pts) vu-v=2-1-1-3-2-1=-3.

1 0 0
b) (6pts) i-(uxv)=|2 -1 2|=1-6=-5
1 3 -1
i J k
OR: ix¥=[2 -1 2|=(1-6,2+2,6+1)=(-547) ~ i-(UxV)=-5
1 3 -1

c) (5pts) Find the scalar component of vector v along vector u .

—_ =
R VR 7 -3 -3
comp,v=v-u= = =—=-1

kil Vva+1+4 3

2. (16pts) Consider points P(1,—1,-2), Q(—2, 0,—1), R(0,—2, 1):
a) (8pts) Find the area of the triangle determined by the points P, Q and R.
PQ=(-2-1,0+1-1+2)=(-3,1,1)

PR=(0-1,-2+11+2)=(-1-1,3)

1. . 1|t J k
Area=E|PQ><PR|:E_3 1 1
-1 -1 3
1
=51(4.84) =2(1,2,1)| = 2Vi+4+1=2V6

b) (8pts) Write down the equation of the plane containing these three points.
Normal is given by the cross product in part “a”: n = (1,2,1) (or (2,4,2),etc.)
Equation of plane:

iF=1Tg

Use point Q(—2,0,—1) (or any of the other two points) as position-vector 7:

x+2y+z=-2-1=-3
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3. (8pts) Determine whether the following two lines are parallel, skew, or intersecting:
Linel: x=—-t, y=2t+1, z=3. v, =(-1, 2, 0)
Line2: x=s—1, y=-2s, z=-3s. v,=(1,—-2,-3)
Not parallel: direction vectors are not proportional to each other (clear from the z-component of v; ; )
This is also clear from the fact that 77 X T, = (—6,—3, 0) # 0
Now, try to look for intersection:
If we equate the z coordinates, and then the x coordinates, the y coordinates won’t match:
—t=s-1 t=1-s=2 t=2
(2t+1 = —Zs)—>(2t+1 = —Zs>—> <2t+1 =5+ -2s= 2)
3=-3s s=-1 s=-1

Therefore, the lines are skew.

4. (12pts) Consider the line (1 + 4t, 2 + t, t)andthe planex — 2y — 2z =1:
a) (6pts) Determine whether the line intersects the plane.
Plug in the line equation into the plane equation to determine if they intersect:
x—2y—-2z=(1+4t)-22+t)—-2t=-3+#1

Thus, the line does not intersect the plane

b) (6pts) If they do intersect, find the intersection point. If they do not, find the distance
between this line and this plane.

. . . . . . Y P PQ1
Given points P in the plane and Q on the line, the distance is d = |PQ . n| = | l%"'

Point P in the plane: sety =z = 0: P(1,0,0)
Point Q on the line:sett = 0: Q(1,2,0) ~ PQ=(1—-1, 2—0, 0) = (0,2,0)

Normal to the plane: 7 = (1,—2,—2)

Distance:
ge |PQ -7 |—4] 4
| Vi+4+4 3
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5. (12pts) Consider the planes 3x + 2y —z =4 and 2x —y — 3z = —2:
Plane normals are: n; = (3,2,—1), n, =(2,—1,-3)
a) (8pts) Find the angle between these two planes.

b T 6-2+3 7
cosO=n] My =———= =—
Y g VO+a+1-VEA+1+9 14

1
2

Thus, the angle is:

0_11'
3

b) (4pts) Find any point belonging to their intersection.

2y—z=4 z=2y—4 z=0
y+3z=2 {y+3(2y—4)=7y—12:2 :>{ = P(0,2,0)

Set x =0: { y=2
3x+2y=4 {3x+2y=4

x=0
2x —y=-2 4x — 2y = —4 3{},: = P(0,2,0)

OR: setz =0: { 2

Also correct: (2,0, 2), (1, 1, 1), or any other point on the line (t, 2 — ¢, t)

6. (12pts) Consider the following quadric surface:
z2—y? —4z -2y —x?>=0
a) (8pts) Write this equation in standard form and identify this surface.
22—4z— (2 +2y)—x2=(z-2)2-4—-[(y+1)?*-1]-x>=0
x>+ (y+1)?%2=(2z-2)2-3
(Circular) Hyperboloid of 2 Sheets

b) (4pts) Sketch the intersection of this surface with the plane z = 4.

xX*+(y+1)?=4-3=1

Circle of radius 1 centered at (x = 0,y = —1):
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. 2 t - A
7. (12pts) Consider the space-curve F(t) = 2t’i +—— j + (Int)k:

a) (8pts) Find the velocity vectorat 7, =1.

b) (4pts) Find the equation for the line tangent to this curve at ¢, =1.

r(s)=r(1)+sv(1)=(2,-1, 0)+s(4,-2, 1)

=(2+4s, -1-2s, s)

8. (12pts) Compute the following expressions:

1

a) (8pts) J- [4e2ti+3\/;j+cos(7zt)k] dt:

0

ot—y

[ 4€?i+3tj+cos(rt )k | dt:[Ze“J:i+[2t3/2}ij+{sm(m)}lk =(2(e’-1), 2, 0)

T

b) (4pts) %[(&—tl;)x(6+t5)} where @ and b are constant vectors:

= %[(&—tB)x(&-l—tEﬂzZEaxE)
%[(6—t5)x(a+t5)]=(%(a—tl;)jx(6+t5)+(6—t5)x[%(6+t5)j
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  =   𝟐 ⋅ 𝟏 − 𝟏 ⋅ 𝟑 − 𝟐 ⋅ 𝟏 = − 𝟑 .


  =  |    𝟏  𝟎  𝟎   𝟐  − 𝟏  𝟐   𝟏  𝟑  − 𝟏 | = 𝟏 − 𝟔 = − 𝟓


    u → ×   𝒗 → =  |    i  j  k   𝟐  − 𝟏  𝟐   𝟏  𝟑  − 𝟏 | =  ⟨ 𝟏 − 𝟔 ,     𝟐 + 𝟐 ,   𝟔 + 𝟏 〉 =  ⟨ − 𝟓 , 𝟒 , 𝟕 ⟩   ∴       𝒊 ^ ⋅  (   𝒖 → ×   v → ) = − 𝟓  


  𝐜 𝐨 𝐦   𝐩  𝐮     𝒗 → =   𝒗 → ⋅   𝒖 ^ =     𝒗 → ⋅   𝒖 →   |   𝒖 → | =   − 𝟑   𝟒 + 𝟏 + 𝟒   =   − 𝟑  𝟑 = − 𝟏


  P ( 1 , − 1 , − 2 )


    Q  ( − 2 ,     0 , − 1 ) ,


    R ( 0 , − 2 ,     1 )


    𝑷 𝑸 → =  ⟨ − 𝟐 − 𝟏 ,   𝟎 + 𝟏 ,   − 𝟏 + 𝟐 ⟩ =  ⟨ − 𝟑 ,   𝟏 ,   𝟏 ⟩


    𝑷 𝑹 → =  ⟨ 𝟎 − 𝟏 ,   − 𝟐 + 𝟏 ,   𝟏 + 𝟐 ⟩ =  ⟨ − 𝟏 , − 𝟏 ,   𝟑 ⟩


    𝑷 𝑹 → =  ⟨ 𝟎 − 𝟏 ,   − 𝟐 + 𝟏 ,   𝟏 + 𝟐 ⟩ =  ⟨ − 𝟏 , − 𝟏 ,   𝟑 ⟩


  𝑨 𝒓 𝒆 𝒂 =   𝟏  𝟐  |   𝑷 𝑸 → ×   𝑷 𝑹 → | =   𝟏  𝟐  |    𝒊  𝒋  𝒌   − 𝟑  𝟏  𝟏   − 𝟏  − 𝟏  𝟑 |


  𝑨 𝒓 𝒆 𝒂 =   𝟏  𝟐  |   𝑷 𝑸 → ×   𝑷 𝑹 → | =   𝟏  𝟐  |    𝒊  𝒋  𝒌   − 𝟑  𝟏  𝟏   − 𝟏  − 𝟏  𝟑 |


  =   𝟏  𝟐  |  ⟨ 𝟒 ,   𝟖 ,   𝟒 ⟩ | = 𝟐  |  ⟨ 𝟏 , 𝟐 , 𝟏 ⟩ | = 𝟐  𝟏 + 𝟒 + 𝟏 = 𝟐  𝟔      


  =   𝟏  𝟐  |  ⟨ 𝟒 ,   𝟖 ,   𝟒 ⟩ | = 𝟐  |  ⟨ 𝟏 , 𝟐 , 𝟏 ⟩ | = 𝟐  𝟏 + 𝟒 + 𝟏 = 𝟐  𝟔      


    𝒏 → =  ⟨ 𝟏 , 𝟐 , 𝟏 ⟩     ( 𝒐 𝒓    ⟨ 𝟐 , 𝟒 , 𝟐 ⟩ ,   𝒆 𝒕 𝒄 . )


    𝒏 → ⋅   𝒓 → =   𝒏 → ⋅     𝒓  𝟎 →


  𝑸 ( − 𝟐 , 𝟎 , − 𝟏 )


      𝒓  𝟎 → :  


  𝒙 + 𝟐 𝒚 + 𝒛 = − 𝟐 − 𝟏 = − 𝟑


  x = − t ,               y = 2 t + 1 ,       z = 3 .


      v 1 → = 〈 − 1 ,     2 ,       0 〉  


  x = s − 1 ,       y = − 2 s ,               z = − 3 s .


      v 2 → = 〈 1 , −   2 ,   − 3 〉


      v  1 , 2 →   )


      v 1 → ×     v 2 → =  〈 − 6 , − 3 ,     0 〉 ≠   𝟎 →    


   (      − 𝒕 = 𝒔 − 𝟏   𝟐 𝒕 + 𝟏 = − 𝟐 𝒔   𝟑 = − 𝟑 𝒔 ) →  (      𝒕 = 𝟏 − 𝒔 = 𝟐   𝟐 𝒕 + 𝟏 = − 𝟐 𝒔   𝒔 = − 𝟏 ) →  (      𝒕 = 𝟐   𝟐 𝒕 + 𝟏 = 𝟓 ≠ − 𝟐 𝒔 = 𝟐   𝒔 = − 𝟏 )


  〈 𝟏 + 𝟒 𝒕 ,     𝟐 + 𝒕 ,       𝒕 〉  


  𝒙 − 𝟐 𝒚 − 𝟐 𝒛 = 𝟏


  𝒙 − 𝟐 𝒚 − 𝟐 𝒛 =  ( 𝟏 + 𝟒 𝒕 ) − 𝟐  ( 𝟐 + 𝒕 ) − 𝟐 𝒕 = − 𝟑 ≠ 𝟏


  𝒅 =  |   𝑷 𝑸 → ⋅   𝒏 ^ | =    |   𝑷 𝑸 → ⋅   𝒏 → |   |   𝒏 → |  


  𝒚 = 𝒛 = 𝟎


  𝑷 ( 𝟏 , 𝟎 , 𝟎 )


  𝒕 = 𝟎


            𝑸 ( 𝟏 ,   𝟐 ,   𝟎 )


  ∴       𝑷 𝑸 → =  ⟨ 𝟏 − 𝟏 ,     𝟐 − 𝟎 ,     𝟎 ⟩ = ⟨ 𝟎 , 𝟐 , 𝟎 ⟩  


    𝒏 → = ⟨ 𝟏 , − 𝟐 , − 𝟐 ⟩  


  𝒅 =    |   𝑷 𝑸 → ⋅   𝒏 → |   |   𝒏 → | =    | − 𝟒 |   𝟏 + 𝟒 + 𝟒 =   𝟒  𝟑


  𝟑 𝒙 + 𝟐 𝒚 − 𝒛 = 𝟒


  𝒙 − 𝒚 − 𝟑 𝒛 = − 𝟐


      𝒏  𝟏 → =  ⟨ 𝟑 , 𝟐 , − 𝟏 ⟩ ,         𝒏  𝟐 → = ⟨ 𝟐 , − 𝟏 , − 𝟑 ⟩


    𝐜 𝐨 𝐬 ⁡  𝜽 =     𝒏  𝟏 ^ ⋅     𝒏  𝟐 ^ =       𝒏  𝟏 → ⋅     𝒏  𝟐 →     |   𝒏  𝟏 | → ⋅   |   𝒏  𝟐 → | =   𝟔 − 𝟐 + 𝟑   𝟗 + 𝟒 + 𝟏 ⋅  𝟒 + 𝟏 + 𝟗 =   𝟕  𝟏 𝟒 =   𝟏  𝟐


  𝜽 =   𝝅  𝟑


    x = 0 :          {    2 y − z = 4   y + 3 z = 2       (      {    z = 2 y − 4   y + 3  ( 2 y − 4 ) = 7 y − 12 = 2       (      {    z = 0   y = 2     (     𝑷 ( 𝟎 ,   𝟐 ,   𝟎 )  


  z = 0 :          {    3 x + 2 y = 4   2 x − y = − 2       (      {    3 x + 2 y = 4   4 x − 2 y = − 4       (      {    x = 0   y = 2     (     𝑷 ( 𝟎 ,   𝟐 ,   𝟎 )  


  ⟨ 𝒕 ,     𝟐 − 𝒕 ,     𝒕 ⟩


    z 2 −   y 2 − 4 z − 2 y −   x 2 = 0


    𝒛  𝟐 − 𝟒 𝒛 −  (   𝒚  𝟐 + 𝟐 𝒚 ) −   𝒙  𝟐 =    ( 𝒛 − 𝟐 )  𝟐 − 𝟒 −  [    ( 𝒚 + 𝟏 )  𝟐 − 𝟏 ] −   𝒙  𝟐 = 𝟎


    𝒙  𝟐 +    ( 𝒚 + 𝟏 )  𝟐 =    ( 𝒛 − 𝟐 )  𝟐 − 𝟑


    𝒙  𝟐 +    ( 𝒚 + 𝟏 )  𝟐 =    ( 𝒛 − 𝟐 )  𝟐 − 𝟑


  z = 4


    𝒙  𝟐 +    ( 𝒚 + 𝟏 )  𝟐 = 𝟒 − 𝟑 = 𝟏


   ( 𝒙 = 𝟎 ,   𝒚 = − 𝟏 ) :


    𝒂 →


    𝒃 →

