
Math 213  COMMON EXAM II October 21, 2026 

 
Read each problem carefully. Show all work for each problem. Electronic devices and notes not allowed. 

1. (12pts) Consider an object moving with acceleration 𝒂(𝑡) = ⟨2, 4 sin(2𝑡) , 6𝑡⟩, with initial velocity and 

position given by 𝒗(0) = ⟨0, 0,   0⟩ and 𝒓(0) = ⟨1, 0, 2⟩. 

a) (6pts) Find the velocity vector, 𝒗(𝒕). 

b) (6pts) Find the position vector, 𝒓(𝒕). 

------------------------------------------------------------------------------------------------------------------------------------ 

2. (13pts) For the function 𝑓(𝑥, 𝑦) = ln(4 − 𝑥2 − 4𝑦2) 

a) (5pts) Find and sketch the domain as a region in the (x, y) plane.  Is it an open or a closed region? 

b) (3pts) Determine the range of 𝑓(𝑥, 𝑦). 

c) (5pts) Find the equations of the level curves corresponding to 𝑓 = 0 and 𝑓 = 1.  Make a rough 

sketch of these level curves on the same coordinate axes.  

------------------------------------------------------------------------------------------------------------------------------------ 

3. (12pts) Consider the following two limits. If the limit exists, then find its value. If it does not, then prove 

this using a two-path test: 

(𝑎)    lim
(𝑥,𝑦)→(1,2)

𝑥2 + 𝑥𝑦 − 3𝑥

𝑥 + 𝑦 − 3
       (𝑏)    lim

(𝑥,𝑦)→(0,0)
 

𝑥𝑦

𝑥2 + 𝑥𝑦 + 𝑦2
 

------------------------------------------------------------------------------------------------------------------------------------ 

4. (12pts) Consider the surface 2𝑥2 + 3𝑦2 + 2𝑧2 + 2𝑥𝑧 = 9. 

a) (6pts) Find the tangent plane to this surface at point 𝑃(1,1,1). 

b) (6pts) Use linearization to estimate 𝑧 on this surface near 𝑃(1,1,1) when 𝑥 = 1.02, 𝑦 = 0.99. 

------------------------------------------------------------------------------------------------------------------------------------ 

5. (12pts) Consider the function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑒𝑦 + 𝑦𝑧2  and points 𝑃(2, 0, 1) and 𝑄(4, −1, 3). 

a) (4pts) Find the gradient of function 𝑓(𝑥, 𝑦, 𝑧) at point 𝑃. 

b) (4pts) Find the maximum rate of change of 𝑓(𝑥, 𝑦, 𝑧) at 𝑃, and the unit vector in the direction of 

this maximum rate of change.  

c) (4pts) Find the directional derivative of 𝑓(𝑥, 𝑦, 𝑧) in the direction from point 𝑃 toward point 𝑄. 

------------------------------------------------------------------------------------------------------------------------------------ 

6. (13pts) Find all critical points of 𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦3 − 3𝑥𝑦,  and classify each as a local maximum, local 

minimum, or saddle point using the second derivative test. 

------------------------------------------------------------------------------------------------------------------------------------ 

7. (13pts) Use Lagrange multipliers to find the maximum and minimum values of 𝑓(𝑥, 𝑦, 𝑧) = 2𝑥 − 𝑦 + 2𝑧 

on the surface of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 9. State the points at which such maximum and minimum 

values are achieved. 

------------------------------------------------------------------------------------------------------------------------------------ 

8. (13pts) Find the second-degree Taylor polynomial for 𝑓(𝑥, 𝑦) = 𝑒𝑥 cos 𝑦 centered at (0,0). Use your 

polynomial to approximate 𝑓(0.1, 0.2). 



  𝒂  ( t ) =  ⟨ 2 ,     4  sin ⁡   ( 2 t ) ,   6 t ⟩


  𝒗  ( 0 ) = ⟨ 0 ,     0 ,       0 ⟩


  𝒓  ( 0 ) = ⟨ 1 ,     0 ,     2 ⟩


  𝒗  ( 𝒕 ) .


  𝒓  ( 𝒕 ) .


  f  ( x , y ) = ln ⁡ ( 4 −   x 2 − 4   y 2 )


  f ( x , y )


  f = 0   and   f = 1 .


   ( a )            lim   ( x , y ) → ( 1 ,     2 ) ⁡      x 2 + x y − 3 x  x + y − 3                ( b )            lim   ( x , y ) → ( 0 ,   0 ) ⁡      x y    x 2 + x y +   y 2


    2 x 2 + 3   y 2 + 2   z 2 + 2 x z = 9 .


  P ( 1 , 1 , 1 )


  z


  P ( 1 , 1 , 1 )


  x = 1 . 02 ,


  y = 0 . 99


  f  ( x , y , z ) = x   e  y + y   z 2


  P ( 2 ,   0 ,   1 )


  Q ( 4 , − 1 ,   3 )


  f  ( x , y , z )


  P


  f ( x , y , z )


  P


  f  ( x , y , z )


  P


  Q


  f  ( x , y ) =   x 3 +   y 3 − 3 x y


  f  ( x , y , z ) = 2 x − y + 2 z


    x 2 +   y 2 +   z 2 = 9


  f  ( x , y ) =   e  x  cos ⁡  y


  f ( 0 . 1 ,   0 . 2 )

