
Math 340  Fall 2026  Homework #1  Victor Matveev 

1. (10pts) Consider the linear approximation √1 + 𝑥
3

≈ 1 +
𝑥

3
   

a) Use it to estimate √6
3

 without a calculator. Hint: write 6 =  8 −  2 = 8 (1 −
1

4
).  

√6
3

= √8 − 2
3

= √8 (1 −
1

4
)

3

= 2 ⋅  √1 −
1

4

3

≈ 2 (1 −
1

12
) = 2 −

1

6
=

11

6
= 𝟏. 𝟖𝟑𝟑𝟑 …   

b) Compare your approximation in part “a” with the exact value of √6
3

. 

 Exact:  √6
3

= 𝟏. 𝟖𝟏𝟕𝟏𝟐 … 

 Absolute error:  ϵabs ≡ |
11

6
− √6

3
| ≈ 0.0162 

 Relative error: 𝜖𝑟𝑒𝑙 =
𝜖𝑎𝑏𝑠

√6
3  ≈ 0.9% 

2. (35pts) Consider the function 𝑓(𝑥) = ln(𝑥): 

a) Find the quadratic Taylor polynomial of 𝑓(𝑥) centered around 𝑎 = 1. Start by computing the relevant 

derivatives of function 𝑓(𝑥) at 𝑎 = 1. 
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b) Use your quadratic Taylor polynomial to estimate 𝑓(0.8): 
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c) Find an upper bound on the remainder of this quadratic polynomial approximation. Compare it with 

the actual error of your polynomial estimate of 𝑓(0.8). 

The remainder 𝑅2(𝑥) =
(𝑥−1)3

3𝑐3
   is the largest when 𝑐 ∈ (0.8, 1) is the smallest, so we set 𝑐 = 0.8: 

|𝑅2 (0.8)| ≤
0.23

3(0.8)3
=

1

3 ⋅ 43
=

1

192
≈ 𝟎. 𝟎𝟎𝟓𝟐 

This agrees with the actual error: 

 Exact value:  𝑓(0.8) = ln(0.8) ≈ −𝟎. 𝟐𝟐𝟑𝟏𝟒𝟒. 

 Actual absolute error: 𝜖𝑎𝑏𝑠 = |𝑓(0.8) − 𝑃2(0.8)| ≈ 𝟎. 𝟎𝟎𝟑 



 

3. (20pts) Find the derivative 𝑓(5)(0) of function 𝑓(𝑥) = 𝑥 cos(2𝑥) without repeated differentiation of 𝑓(𝑥).  

Hint: use the Taylor expansion of cos(𝑢) with 𝑢 = 2𝑥 , and identify the coefficient of term 𝒙𝟓 in the result. 

𝑓(𝑥) = 𝑥 cos(2𝑥) = 𝑥 (1 −
(2𝑥)2

2
+

(2𝑥)4

4!
+ 𝑂(𝑥6)) = 𝑥 − 2𝑥3 +

2𝑥5

3
+ 𝑂(𝑥7) 

Therefore 
𝒇(𝟓)(𝟎)

𝟓!
=

𝟐

𝟑
 , and we obtain: 

𝑓(5)(0) =
2 ⋅ 5!

3
= 80 

4. (35pts) Find the 4th degree Taylor polynomial for 𝑓(𝑥) = √cos 𝑥   centered at 𝑥0 = 0 by combining the 

Taylor series for cos(𝑥) with the series for √1 + 𝑥  (see below), keeping only terms up to degree 4. 
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Check your Taylor polynomial by comparing its value with the exact value of 𝑓(𝑥) at 𝑥 = 0.2. 

 Approximate value: 𝑓(0.2) ≈ 1 −
0.22

4
−

0.24

96
= 0.99 −

0.0001

6
≈ 𝟎. 𝟗𝟖𝟗𝟗𝟖𝟑33 

 Exact value:  𝑓(0.2) = √cos 0.8 ≈ 𝟎. 𝟗𝟖𝟗𝟗𝟖𝟑𝟏𝟐. 

 Actual absolute error: 𝜖𝑎𝑏𝑠 = |𝑓(0.2) − 𝑃2(0.2)| ≈ 𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟐 

 Actual relative error: 𝜖𝑟𝑒𝑙 =
𝜖𝑎𝑏𝑠

𝑓(0.2)
≈ 𝟐. 𝟐 ⋅ 𝟏𝟎−𝟕 = 𝟎. 𝟎𝟎𝟎𝟎𝟐𝟐% 


