
Math 340 • Fall 2026 • Homework  #4 • Victor Matveev 

Sections 1.4-1.5: Newton’s method and the Secant method. 

Problem 1 (40pts) Consider the problem of finding the root (zero) of the function 𝒇(𝒙) = 𝒙 − 𝐞−𝒙 . 

a) Set up the Newton’s iterations for finding the root of 𝑓(𝑥), and compute 𝑥1 and 𝑥2, starting with 𝑥0 = 0 

(write down the exact expression for 𝑥2, along with its decimal approximation to 6 digits). 
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b) Set up and perform one iteration of the Secant method to find 𝑥2, starting with 𝑥0 = 0 and 𝑥1 = 1 (recall 

that two starting values are required).  
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What happens if you start with 𝑥0 = 1 and 𝑥1 = 0 instead? 

We will obtain the same answer, of course, since it’s the same secant line! 

c) Which of the two values 𝑥2 found in (a) and (b) is more accurate? Answer by comparing the so-called 

“residuals” for each method, 𝑓(𝑥2) (i.e. compare how close the function value is to zero at 𝑥2) 
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Problem 2 (60pts) Consider the problem of finding the principal value of 𝐚𝐫𝐜𝐭𝐚𝐧(𝑨), which is equivalent to the 

problem for finding the principal root of function 𝒇(𝒙) = 𝐭𝐚𝐧(𝒙) − 𝑨, contained within interval 𝑥 ∈ (−
𝜋

2
,

𝜋

2
). 

a) Set up the Newton’s iteration for finding the root of the function 𝒇(𝒙) = 𝐭𝐚𝐧(𝒙) − 𝑨. 
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b) For 𝑨 = 𝟐, perform 1 iteration of the Newton’s method to find 𝑥1, starting with 𝑥0 = 1. 

      1 1 cos 1 sin 1 2 42cos 1 1.1 920x     

c) Compute the absolute errors of your iterates 𝑥0 and 𝑥1 by comparing them to the true root:  

arctan 2 = 1.1071487177. 
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d) For Newton’s method, the asymptotic error (i.e. error close to the root) satisfies  

𝜖𝑛+1 ≈ 𝑀𝜖𝑛
2   where  
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Given 𝑓(𝒙) = 𝐭𝐚𝐧(𝒙) − 𝑨, simplify the above expression for 𝑀. For 𝐴 = 2, compare 𝜖1 ≈ 𝑀𝜖0
2 with the 

actual error 𝜖1 found in part “c”. How accurate is this approximation for the error? 
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Let’s see how accurate this is:   

𝜖1 ≈ 𝑀𝜖0
2 = 2𝜖0

2 = 2(0.107)2 ≈ 0.023   𝑉𝑒𝑟𝑦 𝑎𝑐𝑐𝑢𝑟𝑎𝑡𝑒‼ ∶) 

e) Use your result in part “d” to estimate the number of steps required to reach the absolute tolerance 𝜖𝑛 ≤

2−53 ≈ 10−16,  given that 𝜖0 = 2−3 = 0.125. Only 5 steps are needed to reach full machine precision: 

𝜖1 ≈ 2𝜖0
2 = 2 ⋅ 2−6 = 2−5 

 𝜖2 ≈ 2𝜖1
2 = 2 ⋅ 2−10 = 2−9 

 𝜖3 ≈ 2𝜖2
2 = 2 ⋅ 2−18 = 2−17 

𝜖4 ≈ 2𝜖3
2 = 2 ⋅ 2−34 = 2−33 

𝜖5 ≈ 2𝜖4
2 = 2 ⋅ 2−66 = 2−65 


