Math 340 e Fall 2026 e Victor Matveev
Polynomial Interpolation: Monomials, Lagrange polynomials, Newton’s divided differences

Interpolation means “filling in” function values on an entire interval using only a select set of values within this interval.
Unlike regression case that we considered previously, the residuals (errors) are exactly zero since the number of
parameters (model components) equals the number of data points, which all have distinct x-values.

General task: Match select set of N values of a given function using another (simpler) function P(x), which is easier to
compute than our original function f(x):

Vi =f (%) =P (X), k=1.N.
We require that all interpolation points are distinct: x; # x; if k # j.
General approach: consider P(x) is the form of a linear combination of a conveniently chosen basis set of simple linearly

independent functions {¢k (X)}kzN :

k=1 °

f(x) - P(x)sgckgbk(x).

Note: the number of data points N should match the number of basis functions (and basis function vectors evaluated at
the xj, are linearly independent), otherwise unique solution isn’t possible.

Matching the given N function values yields:

P(x,) =cd(X) + Cd(X) +... Cyd(X) =V,
P(Xz) = Cl¢1(xz)+ Cz¢z(xz) + ... Cydy (Xz) =Y,

P(Xy)= € (Xy)+ Crdh(Xy) + o Cydu(Xy) = Yn-

This is a linear algebra problem:

h(x) (%) 4(x) . A(x)
¢1(X2) ¢2(X2) ¢3(X2)
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¢1(XN) ¢2(XN) ¢3(XN) ¢N(XN) Cn Yn

N
Since this matrix is non-singular (given assumptions above), there is a unique interpolant for f(x): P (X) = ch¢k (X) .
k=1

Interpolation is useful when the original function is costly to compute, while the basis functions are much simpler, so we
can use them to approximate f(x) using only a couple of values of the latter function. It also helps when integration or
other operations are needed, since it may be simpler to perform these operations on the chosen basis functions rather
than the original (complicated) function.

Uniqueness of interpolant does not guarantee quality: interpolation quality depends on how well the property of the
chosen functional basis matches the properties of the function being interpolated (a counter-example is the Runge
function, 1/(1 + x2) on an interval [=5,5], in which case interpolation points have to be selected carefully). However,
we will mainly consider cases when polynomials provide an appropriate and convenient basis choice.

We will now consider three methods corresponding to three distinct polynomial bases



k=N

Method 1: Monomials: {4, ()}

k=1 -
This corresponds to f (X) ~ P(X) = Cy+CX+C,X* +C,x° +...+C_x" L.

Matching N function values leads to:

1 Xl Xl Xl CO yl
1 x, xZ X, 0 |1C | | Y2
1 %, X5 .. Xy Cnaa YN
V =Van der Monde matrix
N-1 N
The system has unique solution since det V = (Xk —xj) = (Xy = %) (X =%5) oo (X, — %) # 0.
j=1 k=j+1

x,=0, y,=f(0)=0,
. . , , _ X, =1 y,=f(1)=2
Example: Find a cubic interpolant for a function with the following values:

X, =2 y,=1(2)=2,
X,=3, y,=f(3)=1

1x %X X ] (100 0

1 x oxox 11 1 1

Van der Monde matrix: =
1 x, x32 xg‘ 1 2 4 8
1 X, Xi Xf 13 9 27

Inverting the matrix always involves some work; let’s use MATLAB:

>V =[1000;1111; 12 48; 139 27];
>> disp(inv(V));
1.0000 0 0 0
-1.8333 3.0000 -1.5000 0.3333
1.0000 -2.5000 2.0000 -0.5000

-0.1667 0.5000 -0.5000 0.1667
Co Y1 1 0 0 0) (0 0
Therefore, the solution is: | ¢ _y-t Ya | _ -11/6 3 -3/2 1/3 |2 _ 10/3
c, Y, 1 -5/2 2 -1/2| |2 -3/2
C, Y., -1/6 1/2 -1/2 1/6)\1 1/6
10x 3x* x° X X
Thus, we have: f(X) ~ P(X) = —=-"—+— = ~(20-9x+x*)= ~(x—4)(x-5).
3 2 6 6 6

NOTE: If same points are used for multiple functions, the matrix inversion (the hard part) can be re-used!



N
Method 2: Lagrange’s interpolation polynomials: P (x)=> c, L, (x) where L (x)= m -k
k=1

Important property of this carefully chosen set is that L, (x, ) =1 L, (xm e ) =0.

This means that instead of the Van der Monde matrix, we get an identity matrix: how nice!

L(x) L(x) - Li(x) (e 10 0 0)\(¢c Y1 C, Y
L(x) Li(x) - Li(x,) ||c, _ |01 0 . 0|c| |V, |G| _|Ye
Ll(XN) LZ(XN) LN(XN) CN 0 0O 1 CN yN CN yN

Identity matrix!

Therefore, the interpolation polynomialis f (x) ~ P(x) = y, L (X)+Y, L, (X)+...+ YLy (x).

x,=0, y,=(0)=0,
. . , , _ x,=1 y,=f(1)=2
Example: Find a cubic interpolant for a function with the following values:
X, =2 y,=1(2)=2,
X, =3, y,=f(3)=1,

f(x) ~P(x) =y, L(X)+y, L (x)+y; Ly (x)+y, L, (x

)
0-L(x)+2-L,(x)+2-Ly(x)+1-L,(x)

(X=X ) (X=X ) (X —%,) . (X=X ) (X =%, ) (X =%,) N (X =% ) (X =%, ) (X = X5)
)00 ) (6 %) 066 %) (6 %) D =) (% ;) (%= 0)
x(x—l)(x—3)+x(x—1)(x—2)

(1-2)(1-3) " 2(2-1)(2-3) 3(3-1)(3-2)

= x(x-2)(x-3) - x(x—l)(x—3)+%x(x—1)(x—2) - %(20—9x+x2): %(x—4)(x—5).

NOTE: Naturally, the polynomial is the same as with method 1 on the preceding page (using monomials), but
we did not need to solve a single equation!



Method 3: Newton’s divided difference method -- use the following basis set:

o o ) wl(x):li Vo (X) =X =%, wa(X)=(X=X)(X=X,),
(X) = 2 c i (x) where e () = TT(x= %) = (X = %) oo (X =, ).

m=1
Important property of this carefully chosen set is that i, (xj Tk ) =0.
This leads to a lower-triangular system, which is much easier to solve than the monomial method 1:

v, (%) 0 0 0 c, 1 0 0 . 0 C
vi(X) v, (%) 0 0 c, 1 x,-x 0 . 0 C,

ni) v06) ws05) e he) (1 %o G0 =x)00) o w0 L,

The coefficients in this basis are called Newton’s divided differences, with the following notation:

c,=f[x]=vy,
c, =f[x,x,]= fle]=1[x]
X, — X, _. Recurrent formula: ¢, = F [ X0 Xar coeees Xp | = F [ X0 X0 v X4 |
C, zf[xl,xz,x3]=f[XZ’X;]:‘;[Xsz] X =%
3 1

x =0, y,=f(0)=0,
Example: Find a cubic interpolant for a function with the following values: | X2 = Ly, =f(9=2
X, =2, y,=1(2)=2,
X, =3 y,=f(3)=1.
Xe | FIXT | FIXn X ] | FIX o0 Xie o X ] | FIX X0 X5, X, ]
0|0
_ 112 2%
Apply the recurrent formula using table: 1-0
32 |2 |Z%2- 0|22
2-1 2-0
al3 |1 1—2:_1 -1-0 _ 1 —0.5—(—1)23
3-2 3-1 2 3-0 6

f(x) ~ P(x) =f[x]+ Fx% ] (x=%)+F [ X0 X0 X (X = %) (X =X, ) +F [ X1 X, X5, X, | (X =% ) (X =X, ) (X = X;)

0 + 2(x—0)—1(x—0)(x—1)+%(x—0)(x—1)(x—2)

- x 2—(x—1)+%(x—1)(x—2) - x 3—x+%(x—l)(x—2)
[ -

- %(20 —9x+x%) = %(x ~4)(x-5). Naturally, the same result as with methods 1,2



