Math 340 ¢ Fall 2026 ¢ Midterm Exam Practice Problems ¢ Prof. Matveev

1) Find the 2"¥ degree Taylor polynomial for f(x) = x3 near x = 1. Then, use your polynomial to approximate
f(1.1), and find the maximal error of this approximation using the Taylor remainder formula.

~ , fly) =1
T =1/ e <3
;”((X)) 2_132//)(5 — 1" _ 6 = f(x)=1—3(x—1)+6(x—1)2—g(x—l)3 where ce(x, 1) or (1, X)
x) = X 2 £ _
fm(x):_so/XS f'”(]_) _ _i PZ(X) RZ(X)
3! 10

(1.1)~P,(1.1)=1-0.3+0.06 = 0.76 (compare with exact value: 1/1.1* ~0.751: actual error ~ 0.009
2

10-0.1° _ 0.01
——< - 0.01 (|R,| is maximized when c&(1,1.1) is the smallest, so ¢ = 1)
c

Error bound: |R,(1.1)|=

12

2) Consider the function f(x) = x +In(cos(x))’

Find the first two non-zero terms in the Taylor expansion of

f(x) nearx = 0, using composition of Taylor series for the elementary functions appearing in this formula.
Then, use your answer to estimate f(0.2). Hint: the exact value (up to 4 digits) is f(0.2) = 0.2224.

flx)= X = X = X = X = x(1+£+0(x3)]: x+X—2+O(X4)
| 2 . : s X 3 2 2
X+ n(COS(X)) X+|n[1_xz+o(x )j X—X?—{—O(X ) 1_E+O(X) 72(/;

0.04
f(0.2)=p,(0.2)=0.2 +——=0.22 Correct to two digits!

3) Which of the functions below suffer catastrophic loss of accuracy (loss of all digits) when computed in double
precision for small |x|? Write down the precise condition when this happens. What value will the
computation return when this complete loss of significance happens?

1
6x—sin(6x)

(@) f(x)=—-4+V16+x* (b) g(x) =4+V16—x2, (c)h(x) =

Only (a) and (c) involve subtraction of quantities which become equal in the limit x — 0:

4 4 4
(a) f(X):—4+\/16+X4 :—4+41/1+% z—4+4[1+)3(—2j roundedtozeroif%ﬁlo_16 :>|X|S25/4-10’4z1074

(c) h(X)=6_—(6): will return Inf when sin(6x) is rounded off to 6x. This happens when the 2" term in the
X —sin(6x

Taylor expansion of sine is rounded off:

-8

3! NG

3 2 2
sin(6x)z6x—%:6x{1—@]—>6x when %zengm‘m :>|x|g10



4) Convert x = 134. 3 from decimal to binary system, keeping 8 binary digits after the fractional point. Then,
write this binary number is standard scientific notation (i.e. significant part times an integer power of 2).

First, convert the integer part (use division by 2 algorithm, if you prefer): 134 = 128 + 4 +2 = 10000110,
2’ 2?2 2
03*2=0+0.6
0.6*2=1+0.2
Now, the fractional part, using our simple algorithm: | 0.2*2=0+0.4
04*2=0+0.8
0.8*2=1+06
The sequence 1001 has to repeat itself (since we reached 0.6 again), so:

Binary(134.3) = 10000110.01001.... = 1.000011001001-2’
First 8 bits

5) Consider the root (zero) of function f(x) = x3 + x — 1.

a) Find an obvious bracketing interval [a, b] (with integer a and b) that contains the positive root of f(x).
[0, 1] is an obvious bracketing interval: f(0) = -1 <0, f(1)=2-1=1>0

b) Perform two iterations of the bisection method, manually.

+b 0+1 1 1) 1 1 1
Xl:_a =—==: f(—):—+5—1<0 :aiz

2 2 2 2) 8
—+1
+b 3 3} 27 3 65 3 13
xzza—zz—:—: fl=|=—+—--1=—-1>0 = b=— = root lies within | —,—
2 2 4 4) 64 4 64 4 2 4

c) Write down the expression for the number of bisections of interval [a, b] needed to guarantee absolute
error of 10 or smaller.

b— 1
We need ¢, < az—SlO’9 = log, = —n<-9log,10 = n = 9log, 10 z
2n 2n —

~3.32

6) Consider the iteration x,,,; = g(x,), where g(x) = g(x2 +7)

a) Find all fixed points of this iteration, and determine their stability (hint: fixed points are integers)

. r 1
r,=1: |g(r1)|=Z=Z<1: Stable

1 8++64-28 8+6
(a) r=—(r2+7) = r'-8r+7=0 = r,= = =
8 ' 2 2 , r 7
rn=7: |g(r2)|=Z=Z>1: Unstable

b) For any stable fixed points, find the number of steps needed to achieve an absolute error (tolerance) of
2752 (machine precision), assuming initial error of €, ~ 1/4. How does this compare with the number of
iterations needed to achieve the same accuracy using the bisection method, assuming same initial error?

1/4 1

v WS 2792 = 2 2< 25 In42>52 :

CE|g'(r1)| :% = g, 2" =

This is twice as fast as bisection, since the latter has an error contraction factor of 4, twice as large as C=V



7) Suppose the iteration x,,.; = g(x,,) has a fixed point r where g'(r) = 0 and g” (r) # 0. Use Taylor series
expansion of g(x) about x = r to determine how the error €,, = x,, — r changes from one step to the next.
Plugging definition of error, x,, = r + €, into our iteration x,,,1 = g(x,,), we obtain:

Xpi1 =T+ €ppq = g(r + €,).

Now, expand around r using the Taylor theorem, to lowest order:

€, Wwherea € (1,x,)

r+€pe1 = g(r + En) = g(r) + g’(r)en + g”z(vl) 2

Since by definition r = g(r), we can cancel r on both sides of this equation, and given g'(r) = 0, we obtain:

Il(a) 2
€pp1 =———F€
n+1 2 n
,I
Sufficiently close to the root @ = r, and we obtain an approximation: €,,.1 = g o €2

2

8) Consider the problem of finding the root (zero) of function f(x) = x3 — 2.

a) Set up the Newton’s iteration formula for approximating the root of f(x), and perform two iterations of
the Newton’s method to compute x; and x,, given an initial guess x, = 1

Q(X) =X- f(X) = x—Xa_2 = x—£+i = E(X—Fij
f'(x) 3x* 3 3 3 ?

X
2 1) 4 2(4 9 182 091
X=1 = x=—1l+-|=— = X,=—| —+— |[=—=—
3 1) 3 3\3 16) 144 72

91
Side note: this is actually a very good approximation: E ~1.264 vs. 3/5 ~1.260

n
. . . . 1
b) Estimate the error €, of approximant x, using €,,; ~ Me2 where M = gf,((:)), assuming that e, = "
1 M 1
Ex— = & ~Mg =—=
f'r) er 1 1 1 16 1632
Mg Te r R MY M1
&rxMel=M| — | =—=—"—
16 256 512

9) Find function f(x) whose root (solution to f(r) = 0) equals r = 1/~/3. Your function should only involve
multiplication, integer powers, and/or division (no fractional powers). Write down the Newton'’s iteration

for this function, and perform two iterations to approximate r = 1/\/§, starting with xo = 1.

1
f(x)=3x"-1 hasarootatr=—=

5

f(x) 3x1 -1 x 1 1/ 1

= g(x) = x- =X- =X—=t+— == x+—

f'(x) 6x 2 6x 207 3x
. . 1 1) 4 2 12 1 7
Twoiterations: x,=1 = x,==|1+=|=—=— = Xx,= —| —+= [=—
2 3) 6 3 2(3 12

Side note: this is a very good approximation: s ~0.583 vs. 1 ~0.577
12

B




10) Use equation of line through points (x,,, f(x,)) and (x,,_1, f (x,,—1)) to derive the formula for the secant
root-finding method, which has the form x,,; = g(x,, x,_1). Hint: intersection of this line with the
horizontal axis is the next guess x,,; 1.

Let’s start with the point-slope equation of line through the point (x,, y,)
Y=Y =mx —xy)
The next approximation x, 4, corresponds to the intersection of this line with the horizontal axis y = 0, therefore:

0—yn =m(xXp41 — Xp)

Divide by the slope of the secant line, which equals m, and solve for x,,41: Xp4+1 = X — y_",: =X, — %"):
_ fOn)=f(n-1),

Finally, plug into this equation the slope of the line connecting (x,, f (x;,)) and (xp_1, f(xp_1)) : M —
n~*n-1

Xn = Xn—1

f(xn) - f(xn—l)

Xnp1 = Xn — f(%n)

f(xn) _ I () f (xn)?
f(xn) 2[f" (xp)]?
higher order convergence. Perform one iteration using this formula with the function f(x) = x> — 2 and

11) The iteration x,41 = x, — is an improvement on the Newton’s method, achieving

initial guess x, = 1, as a way to approximate V2.

f  frof@?  x*-2 2(x*-2)° x 1 (x2-2)
o 2P T T2zx 22?2 x 88

gx) =x

(1-2)°

—11—1375
8 8

3 1
2 8

1
x=go=1)=5+1-

Side note: one step gives us 2 digits, and each step triples the number of correct digits: after 2 more steps we get almost
machine precision!



12) Perform least-squares fit of the model Vpodet(t; D, @) =P - 28+ q - t, where p and g are unknown
parameters, to the data set {(ty,yx)} = {(0,1),(1,0),(2,5)}. Compute all residuals, and make sure to
explain your solution method.

Calculus approach: minimize L(p,q Zrk Z[ymodel t30,0)~ Vo (te )] i[p'ztk"'q'tk—yk]z

k=1

"Re5|duals (measurement errors)

Let’s calculate partial derivatives with respect to parameters, and set them to zero:

o _ 0
ap apkl

2 N
[p 2N +q-tk—yk] =222tk [p'ztk +q-tk—yk] [pZM +q22tkt —Zyk th:
k=1
6L 8 J 2 u te t 2
[p 2N +q-tk—yk] :22tk[p -2 +q-tk—yk} =2 pzz tk+thk —Zyktk =
6q 8 g k=1 k=1 k=1 k=1 k=1
Cancelling factor of 2 and moving the parameter-independent term to the right-hand side, we obtain a linear system:

N N N
N
P;4fk+qk§2fktk=k§yszk iw 22% p iykztk
| k=1

which yields the expression above: | k= k=1

N N N N N |~
PZZ“ t +qzti :Zyktk erktk Zt: qa Zyktk
k=1 k=1 k=1 k=1

k=1 k=1
Plug in data points {(tx, y)} = {(0,1), (1,0), (2,5)}.
N N
4% =4°+4"+4° =21, Y t;=1+4=5
N 10 5 10 2 1 2
Y 2%, =1.2'+2:2° =10 = 7 I
1 Only couple row operations needed to solve:

N N B B
2%y, =2°-142"0+2°:5=21, >yt =10 p=1, g=0

k=1 k=1

Thus,p = 1, g = 0, and the model is V,,,0401(£; P, @) = 2°
Now we can compute the residuals, 7, = Vinoger(tk) — Vi = 2tk — vy

n=1-1=0; rn,=2-0=2; ;=4—5=—1

#(t) 2" ¢, (tl ) t | 2"t

Optional: geometric approach gives v, =| ¢, (t,) |=| 2% |, v, =| ,(t,) |=| t, |, [A=|v, v, |=| 2% ¢,

¢1 (ta ) A ¢2 (ta ) t | | 2° t,
(t) &(t))\(p 4% 2%t |(p

A(e) an) ae)| A0 AP |28 22
A Ax= ¢1 (tz) ¢2 (tz) | 3 3
) ) T T . 2( 1) ¢z (tz) ¢z (ta) t ¢ zztkt Ztl

Projecting onto v, ,, A"Ax = A"y, gives 4(t)) &(t.))\q k N




13) Consider fitting some data set {(tx, vx)} to the model Y modei(t; C,p) = C tPcos(t), where C and p are
unknown parameters. Set up the linear algebra system necessary to determine the best values of these
parameters, in the least-squares sense.

In(Vimoder) =InC + p - In(t) + In(cos t)
Zmodel(t) = IN(Vimoger) — In(cost) =p-Int +1Inc
N N
Z Int, ) ZInt p Zlntk-zk
k=1 _| k=2

N

ﬁ:lntk 21 In(C) sz

k=1

Thus, it’s just regression with offsetqg =InC _, where z;, = Iny;, — Incosty,

14) Use Lagrange polynomial basis to find an interpolating polynomial over points {(—1,1), (0,0), (2,2), (4,6)}.
You do not need to simplify.

f(x) ~P(x) = y,L(x)+Y,L(X)+y; L (x)+y,L, ()

R RINR) L (o)X xR (Ko x-x)(x-x)
1(X1_X2)(X1_X3)(X1_X4) Z(X =%;) (X3 =X, ) (X5 = %,) 6(X4_X1)(X4_X2)(X4_X3)
) .\ (X +1)(x-0)(x - 4) (x+1)(x 0)(x-2)
(—1—0)(—1—2)(—1—4) (2+1)(2 0)(2 4) (4+1)(4 0)(4 2)
3

x(x+1)(x-2),

= - EX(x-2)(x-4) —S(x+Dx(x-4)+

r\)

15) The following MATLAB program computes an elementary function using its Taylor series expansion. Which
function is it? (hint: follow the value of F through a couple iterations of the “while” loop)

function F = Taylor(x, eps)
F=1; t=1;
x2=x"2; k=1;
while abs(t) > eps
t=-t*x2/(k*(k+1));

F=F+t;
k=k+2;
end
end
2 2 2
After 1 iteration (k=1): t =—X—=—X—, F=1-2
1-2 2 2
2 2 4 2 4
After 2 iterations (k=3): t =— Al N P F-1_%X.%
3-4 2 4! 2 4l

This function calculates cos(x) using its Taylor series expansion



